TYPICALLY REAL HARMONIC FUNCTIONS 
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Abstract. We consider a class T§ of typically real harmonic functions on 
the unit disk that contains the class of normalized analytic and typically real 
functions. We also obtain some partial results about the region of univalence 
for this class. 



1. Introduction 

A planar harmonic mapping is a complex- valued function f = u + iv, for which 
both u and v are real harmonic. If G is simply connected, then / can be written as 
f — h + g, where h and g are analytic on G. The reader is referred to [4] for many 
interesting results on planar harmonic mappings. Throughout this paper we will 
discuss harmonic functions on the unit disk D. In analogue to the classical family S 
of normalized analytic schlicht functions and its subfamilies K of convex mappings 
and C of close-to-convex mappings, Clunie and Sheil-Small [3] introduced the class 
52 = {/:©-> C I / is harmonic, univalent with /(O) = /i(0) = 0, /^(O) = h'{0) = 
l:/z(0) = g'iO) = 0} and its corresponding subclasses K° and G°. Note that 
S C S°, K C K°, and C C C^. Another well-known class of analytic functions in 
D is the family, T, of typically real functions that have the normalization f{z) = 
z + a2z'^ + ■ ■ ■ and are real if and only if z is real. Clunie and Sheil-Small introduced 
the family of harmonic typically real functions / for which f{z) is real if and only if z 
is real. Then they proposed the following class of harmonic typically real functions. 

Definition [Clunie and Sheil-Small]. Let Tjj be the class of typically real har- 
monic functions / = h + g such that \g'{z)\ < \h'{z)\ for all 2; S D, /(O) = 0, 
|/i'(0)| = 1, and f{r) > for < r < 1. Let Tg be the subclass of T« with 
5'(0) = 0. 

Note that T„ is normal and T° is compact. Besides Clunie and Sheil-Small, 
several other authors have investigated harmonic real real functions (see [2], |17j). 

The condition that > IsX-^)! means that f = h + g must be locally 

univalent and sense-preserving (see Lewy [llj). However, not all analytic typically 
real functions are locally univalent. Thus, a problem with this definition is that it 
prevents the family of analytic typically real functions from being a subset of their 
family of harmonic typically real functions. That is, T <f. T°. 

To resolve this problem and allow all analytic typically real functions to be 
also harmonic typically real functions, we offer a slightly different definition for 
a family of harmonic typically real functions, T°. In particular, we reduce the 
requirement that the harmonic functions must be locally univalent. This means that 
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the standard results for harmonic locaUy univalent functions must be reconsidered 
for this family. We therefore show that for the family T° Clunie and Sheil-Small's 
shearing technique still holds. Also, as in the case for the family of analytic typically 
real functions we investigate the region of univalency for the harmonic family and 
provide several conjectures for T° . 

2. The class T° 

For the harmonic function / = /i + 5, let w be given by g' {z) = uj{z)h'{z). We 
say that / is sense-preserving at a point zq if h'(z) ^ in some neighborhood of 
zq and uj is analytic at zq with |a;(zo)| < 1. If / is sense-preserving at zq, then 
either the Jacobian Jf{zo) — \h'{zQ)\'^ — \g'{zo)\'^ > or h'{zo) — for an isolated 
point Zq as was mentioned by Duren, Hengartner, and Laugesen ^5 . That is, zq is 
a removable singularity of the meromorphic function u and |a;(zo)| < 1- We say 
/ is sense-preserving in D if / is sense-preserving at all z £ D. By requiring the 
harmonic function / to be sense-preserving we retain some important properties 
exhibited by analytic functions, such as the open mapping property, the argument 
principle, and zeros being isolated (see [5]). We note that the following harmonic 
typically real functions 

fi{z) = z-z and f2{z) = 2(1 + i)z + iz^ + 2(-l + i)z + iz'^. 

are not sense-preserving, and they do not have the properties mentioned above. 
Thus, we give the following definition. 

Definition 1. Let Th be the class of typically real harmonic functions, /, such 
that / is a sense-preserving harmonic function, f{z) is real if and only if z is real, 
/(O) = 0, \h'{Q)\ = 1, and f{r) > for < r < 1. Let r° be the subclass of 
with g'(0) = 0. 

Also, notice that TU T° C , and with this definition, as in the analytic case, 
a harmonic typically real function need not be univalent or even locally univalent. 

Theorem 1. // / G Tu, then f is strictly increasing on the real interval (—1,1). 
Moreover, if f = h + g eT^\ then h'{0) ^ f,{0) = l. 

Proof. Observe that the derivative /' exists on the interval (—1, 1) and /' = h' + g', 
Im/i = Img there. Suppose that there exists a point xq € (—1,1) such that 
f'{xo) = 0. This implies that Jf{xa) = 0. As we know this can only occur if 
h'{xo) = = g'{xo) with the order of the zero of g' greater than or equal to the 
order of h' . Hence, [h — g)' [xq) = contrary to the fact that h — g is a typically real 
analytic function and such functions are known to be univalent in the lens domain 
bounded by the circles \z±i\=^/2 ([6], [12]). □ 

Now, we note that the basic shearing theorem by Clunie and Shcil-Small [[3], 
Theorem 5.3] still holds when local univalcncc is omitted. That is, we have the 
following version. 

Theorem 2. Let f = h+g be sense-preserving harmonic on B. Then f is univalent 
and convex in the horizontal direction on D if and only if h — g has the same 
properties. 
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Proof. Wc only need to prove the reverse direction. So assume that F 
univalent and convex in the horizontal direction. Consider 



h — g is 



G{w) = f{F-\w)) = h{F-\w))+g{F-^(w)) = w + 2Re {g{F-\w))} . 

If G is locally univalent in = F{E>), then we can apply the same approach as 
in Clunie and Sheil-Small's proof. In particular, by their lemma ( |3], p. 13), G 
is univalent in Q and has an image that is convex in the horizontal direction, and 
consequently, so is /. Therefore, we only need to show that G is locally univalent. 
To do this, consider the Jacobian of G: 



Jr. 
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^hoF-^ 




^goF-^ 

aw 


aw 





--{\h'oF- 



WoF-'\')-\{F-')f = X 



/oF-i • 



\iF- 



Now suppose there exists a point zq G B such that Jg(F(zo)) — 0. Since (F^^)'(w) ^ 
on F{IS)), we have that |/i'(zo)| = lff'(-Zo)|- As mentioned above, this is only pos- 
sible when /i'(zo) = = g'{za) which contradicts the assumption that F = h — g is 
univalent. □ 

Next, we give a representation formula and extreme points for functions in the 
class . 

Let V denote the class of all functions of the formp(z) = l+piz+p2z'^ + . . . that 
are analytic in B and such that Rep{z) > for z G D. By the well-known Herglotz 
representation formula p G "P if and only if there exists a unique probability measure 
/i on 9D such that 



p{z) 



p^(z)d^(?7), zG 



(2.1) 
where 

(2.2) p^(z) = (l + 77z)/(l-77z). 

Moreover, ii p £ V has real Taylor coefficients, then 

l-z2 



\-2tz 



^dv{t), 



z G 



with the unique probability measure v on the segment [—1, 1]. This in turn implies 
that for an analytic function F in the class T we have the following Robertson 
representation formula 

el 



(2.3) 



F{z) = 



zdv{t) 



z G 



.1 l-2tz-f z2' 

where v is as above. The set of extreme points of the class T consists of the functions 



(2.4) 



qt(2) = 



1 - 2tz 



-l<t<l. 



The shearing construction can be applied to the class T^f . Consequently, we see 
that every f = h + g € T° can be written in the form 



(2.5) 



/(z) = Re / p{C)F'{OdC + I ImF(z) = fc(z,p, F), 
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where F = h — g € T andp = {I + uj) / (1 — lo) G V with oj = g' /h' , where removeable 
singularities are admitted. Also, given p G P and F €T, the function / defined by 

(2.5) is in and k{-,p, F) = h + g, with 

h{z) = \ j\p{0 + l)F'(C)rfC = z + a^z^ + ..., 

9{z) = \ f^ipiO - l)F'{OdC = hz' + bsz^ + .... 

Note also that the function / = k(-,p,F) is locally univalent if and only if F is a 
locally univalent function. This is a consequence of the equality 

(2.6) Jf{z) = \F'{z)\^ Rep{z), zGB. 
Furthermore wc have 

Theorem 3. The class is compact (in the topology of uniform convergence on 
the compact subsets of IS) and the set ext{T°) of its extreme points consists of the 
functions A:(-, p,,, qt), where p,, and qt are given by (2.2) and (2.4), respectively. 

The class T° is not convex. 

Proof. Compactness of the class follows immediately from compactness of both 
classes T and V. Assume that / = k{-,p, F) e ext(7^^) and there is < A < 1 such 
that either 

(i) p = {1 - X)pi + Xp2, withpi,p2 e pi ^P2, 
or 

(ii) F = (1 - A)Fi + XF2, with ^1,^26 T, Fi ^ F2. 
Then 

/ = (l-A)/i + A/2, 

where, in case (i): 

f, = k(,p„F) with (/i).-(/2). = (pi-P2)F72, 

which implies /i 7^/2, a contradiction; and in case (ii): 

/, = fc(.,p, F,) with (A), - (/2), = {p+ 1){F[ ~ F^)/2, 

a contradiction again. Thus, by the Herglotz and Robertson formulas, we get 
ext(T°) C {fc(-,p^,qt), H = 1,-1 < t < 1}. Now if 

/ = k{;Vv.^t) = (1 - X)fi+Xf2 = (1 - X)k{;PuF,) + Xk{;P2,F2), 

then 

q; = /.-^ = (l-A)F^+AF^, 

which gives = Fi = F2] and 

Pr,q; = fz+Tz = {l- X)piFl + Xp2F^ = ((1 - A)pi + Ap2)q;, 

which implies pi = P2 = Pq- Consequently, /i = /2 and / € ext(7^). 

Finally, we show that the class is not convex. More exactly, we show that 
for arbitrary ^,r] G dB, s,t G [-1, 1], ^ 5^ 77, s ^ f and < A < 1, 

/= (l-A)fc(-,pj,qs) + Afc(-,p^,qt) ^T^°. 
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Suppose, contrary to our claim, that / e T° . Then there exist p G "P and F ^ T 
such that / = k{-,p,F) and 

i^' = /.-7;=(i-A)q; + Aq;. 

This impUes that F = (1 — A)qs + Aqt. Moreover, we have 



Since the image of B under an analytic branch of vq^/qj contains the upper and 
lower half planes, there exists an a € D \ {0} such that q'j,(a)/qj(a) = —A/ (1 — A). 
Hence F'{a) = and 

p{a)F'ia) = (1 - A)p4(a)q',(a) + Ap^(a)q;(a) = Aq;(a)(p„(a) - p^a)) + 0, 

a contradiction. □ 

As a corollary to Theorem 3 we get the same sharp coefficient estimates for the 
class Th and as were found by Clunie and Sheil-Small [3J for Th <Z Th and 
TO c TS. 

3. Region of univalence 

For zq G C and positive r let D{zq; r) denote the open disk centered at zq with 
the radius r. We have mentioned in the Introduction that an analytic function 
f (z T need not be univalent in D, but it is univalent in the lens domain 

L = D{-i;V2)nD{i;V2). 

The result was obtained by Goluzin [5] and by Merkes [H] independently. They 
also noted that this region of univalence for the class T cannot be extended, because 
for each zq G 9L n D there exists a parameter to G (0, 1) such that f[g{zo) = 0, 
where 

„ / s tz (1 — t)z 

This can be also showed by noting that 

axno = |z e © : (^iii^ <0 



A t(l - z) 




and 

m^) = 

Let us observe that actually for each zq E D \ L there exist to E (0,1) and R E 
(\/2 — 1, 1] such that Rzo E dL and /^^ b{zo) — 0, where ftM{z) = ft{Rz)/R and ft 
is defined by (3.1). Note that the function ft as a, convex combination of univalent 
functions with real coefficients is in the class T. 

As in the analytic CcLSG, Oil harmonic typically real function need not be univalent. 
Therefore, E. Zlotkiewicz posed the problem of determining the region of univalence 
for harmonic typically real functions. Before we give a partial answer to this ques- 
tion we present a simple proof of the Goluzin-Merkes result for analytic typically 
real functions (based on Merkes' idea). To this end note first that the function 

(3.2) C = ^(^) = T^ 
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maps conformally the disk D onto the two-sht plane cut along the real intervals 
(— cxD,— 1] and [IjCxd). Since the function ijj is typically real, there is a one-to-one 
correspondence between the class T and the class of normalized and typically real 
functions in 17 = C \ ((— oo, —1] U [1, oo)). Moreover, using the Robertson formula 
we get the following formula for a typically real function F inQ with normalization 
F(0) = F'{0) — 1 = and the one-to-one correspondence: 

(3.3) /-^^°^^^' 



where is a probability measure on [—1, 1]. It has been observed in [T3] and [TS] 
that F restricted to the disk D is univalent. Consequently, any function f G T 
is univalent on the preimage of the unit disk under the function "0 given by (3.2), 
which is the lens domain L. 

In 1936 Robertson observed that an analytic function F with real coefficients is 
univalent and convex in the vertical direction if and only if the function z > zF'{z) 
is typically real (see [8], p. 206). Hence the functions given by (3.3) are convex in the 
direction of the imaginary axis (see also [13], [E]). Therefore the sets f{L), f G T, 
are convex in the vertical direction. Moreover, we will show the following interesting 
property of the class T. 

Proposition. For a z G dL n B there exists a unique / e T for which f'{z) — 0. 
Proof. By (3.3) it is enough to consider the equation 

dv{t) 



= F'(e") 



(1 - te*") 



2 



f 1-^ , . X „ f t{l-tcosa) , , , 
/ 1 —diy(t) -2 cos a —-^dvit) 



^ t{l — tcosa) 
1 



2zsinQ; / — ; ■ ,. dv{t), 



where < a < tt. It then follows 

'■^ t{l — t cosa) 
\l-te 



and consequently, 
(ii) 



1 1-^2 



II 



j^.Mt) = 0. 



From equality (ii) we get v = {1 — A)(5_i + \5i for some A e [0, 1]. Finally, equality 
(i) gives A = sin2(a/2). □ 

Corollary. Let f G T. Then either f is univalent on L \ { — 1,1} or there is a 
unique t g (0, 1) such that f = ft, where ft is given by (3.1). Moreover, ft{L) = 
C \ {(1 - 2i)/4 + a : A e M, |A| > ^t{l - t)/2}. 

Proof. Clearly / is analytic on 7 = dL\{—l, 1} and Re f{z) changes monotonically. 
It is sufficient to show that Re/(2;) is not constant on any arc 70 C 7 or / = /( for 
some t e (0, 1). If / is constant on an arc 70 C 7 lying in the upper half-plane , 
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then the function given by 

g{z)^fiz) + f(^-l + ^}j 

is analytic on a neighborhood of 70 and g(z) — 2Re/(z) on 79. So, g{z) — const 
on 7o and consequently, g is a constant function. This means that Re / is constant 
on 7. Consequently, the boundary value of / at 1 and —1 is equal to cxd, so there 
is z e dlnV) such that /'(z) = = F'iipiz)) = 0. Hence by Proposition / = ft, 
where < = (1 - Re ?/'(^))/2. □ 

We also note that the radius of starlikeness for the class T is a/2— 1 f3]- Moreover, 
every / G T is univalent on D{0; \/2 — 1) and the curve f{dD{0;V2-l)) is strictly 
starlike with respect to the origin. Indeed, if we put g — zf'/f, then the function 

defined by G{z) = g{z)+g{{3 — 2\/2) /z) is analytic on a neighborhood of the circle 
dD{0;V2- 1). Hence for |z| = V2 - 1 we have G(z) = 2 Re{z/'(z)//(z)} > 0, 
except for a finite number of points at which it vanishes. 

We have already showed that every harmonic typically real function in the sense 
of Definition 1 is strictly monotonic on the interval (—1, 1). Moreover, we have the 
following 

Theorem 4. For each function f in T° there exists an open set V , (—1, 1) <ZV d 
such that f is univalent on V . 

Proof. Let / = k{-,p, F) with p E V and F E T. We first show that for a compact 
interval [a,b] C (—1,1) there is an open set U containing [a,b] and such that 
/ is univalent on U. Clearly, [F{a),F{b)] C F{L), where L is the lens domain 
defined above. Since F(L) is an open set, there exist S > and c > such 
that (F(a) — S,F{b) + S) x (— c, c) C F{L). Let U be the preimage of the set 
(F(a) - (5, F{b) +S)x (-c, c) under F. Then 

U^U{a,b,c,6)^ U Zd{iF{a)~S,F{b) + S)), 

—c<d<c 

where z^it) = F~^{t + id), F{a) - 5 < t < F{b) + S. Now note that since F is 
univalent on L, the curves Zd, —c < d < c, are disjoint and 

^Re/(zd(t)) = Re{p{zdit))F'{zdit))z'a{t)} = Rep(zd(t)) > 0. 
at 

This and the fact that Im/ — liaF imply the univalence of / on U. 

Let {an} be a strictly decreasing sequence of negative numbers converging to 
-1 and {bn} be a strictly increasing sequence of positive numbers converging to 1. 
Then for each positive integer n, we can find 5^ > 0, c„ > and the open set 
Un = U{an, bn, c„, such that / is univalent on J7„- Now set 5'^^ = min{i^(a„) — 
F(a„+i), F{bn+i)- F{bn), 5n} and c'^ = ci, c'„^i = min{c'„, c„+i}, n = 1, 2, . . . , and 
define 

oc 

V={j U{an,bn,c'^,5'^). 

Clearly, (—1, 1) C V. Moreover, / is univalent on V . To see this suppose that 
f{z) = f{w) and z E U{an,bn, c'n, S'J, w E U{an+k,bn+k,c'^+k^^'n+k)^k > 1. Since 
Imi^ = Im/, we get z E U{an+k,bn+k, c'n+k^ ^n+k) consequently, z = w. □ 
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Remark 1. It is clear that for every continuous mapping / of a neighborhood of 
the interval (—1, 1) into C such that /((—1, 1)) C M and / is a local homeonior- 
phism of (—1, 1), there is a domain Q and a simply connected domain G such that 
(— 1, 1) C f2 and / is a local homeomorphism of onto G. If the pair {il, f) is an 
unlimited covering space of the domain G, then by the Monodromy Theorem / is a 
homeomorphism of Q onto G [1 . In general, such a situation is rare. The example 
below shows that / may be infinite- valent on 17, so that the typically real property 
in the proof of Theorem 2] seems to be essential. 

Example. Let u{z) = -jj^^yi, f{(,) = ^e^^. It is clear that the function / o u is 
locally univalent on B. By the Great Picard Theorem, / o m(I!)) — C and every 
value w G C \ {0} is assumed by / o u at infinitely many points of each set B n {z : 
|z + 1| < S}, where < S <2. 

Next, we show that the region, L, of univalency for the class T is not the region 
of univalency for the class T^. 

Theorem 5. There exist functions f £ T° that are not univalent on L. 
Proof. Put 



Jo i - 1=, 

Suppose that / is univalent on L. Then the function g = / o where is given 
by (3.2), is univalent on D. A calculation gives 




D, 



and define / G by the formula 





where we assume that \/T = 1 




Im 



Moreover, we have 



Re(g(ze— )-g(ze-)) 




4V2 



1 




a, 1 /9 / TT a x\ 



where 



This means that for < a < 7r/2, 

Re {giie''") - g{ie'")) < 0. 




To get a contradiction consider the function m defined by 



m(r, a) = Re {g{rie - g{rie"^)) . 
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The function m is uniformly continuous on the rectangle [0, 1] x [0, 7r/4] and m(l, a) < 
for < a < 7r/4. On the other hand, 

m{r, a) — r(sin a + o(l)) as r ^ 0~''. 

Consequently, for every a G (0,7r/4) there is S (0,1) such that m{ra,a) — 0. 
This means that giraie"^") — g{raie'^°'), a contradiction. 

□ 

Theorem 6. Every function f e T^-" is univalent in any of the following domains 
(a) the disk D{0;V6-V5), 



(b) { 



z e 



l + z2 



< 



^/2-l} 



Proof. It follows from (2.6) that every f = h + g E T° is locally univalent on 
the lens domain L. Moreover, by the results in [16 , -F — h — g is convex on 
D{0;^/6— \/5). Thus, by the shearing theorem of Clunie and Sheil-Small / is 
univalent on D{0;^/Q— ^/5). Note also that it has been showed by Koczan [TD] 
that for the class T the radius of convexity in the horizontal direction is exactly 
— Now we observe that a function / G T° is univalent on the given region 
in (b) if and only if function f o -ip^ where "0 is given by (3.2) is univalent on the 
disk -D(0; \/2~ 1). The last follows from the fact that an analytic function F given 
by (3.3) maps the disk D{0; \pl — 1) onto a convex domain (see [13], p. 292] ) and 
from the shearing theorem of Clunie and Shcil-Small. □ 

Clearly, the class T/f of typically real harmonic functions introduced by Clunie 
and Sheil-Small contains locally univalent functions from the class T . It would be 
interesting to find the region of univalence for locally univalent functions that are 
in T. The following example of the function G S T that is locally univalent has 
been described in [7]: 

G(z) ^ 



■ tan 



z e 



Re 



TT \ 1 + Z _ 

We note that G is univalent in the region 5 = |z e 
contains the disk 15(0; 1/V3)- Indeed, for \z\ — l/\/3, we have 

37rRe z 



T+P' 



< 



i} 



which 



Re- 



1 



< 



9 Re-" z + 1 

Moreover, if zq = (1 + iV2)/3, then zo,-z^ € 9D(0;l/^/3) n dS and G(zo) = 
G(— Zo). This shows that radius of univalence for the class of locally univalent 
functions from T is less than or equal to 1/ \/3. 

Now let r* (resp. r,j) denote the radius of univalence of Th (resp. that is 

the supremum of all r > such that every / € Th ( resp. / € 7^) is univalent on 
D{0;r). Clearly, 

0.213... = \/6 - \/5 < r„ < r* < l/VS ^ 0.577... 



and 



r„ < %/2 - 1 = 0.414. 



By examining some computer computations, that will be presented in an up- 
coming paper, we make the following conjectures. 



10 DORFF, NOWAK, AND SZAPIEL 

Conjecture 1. ru = — 1- 

Conjecture 2. Every function / e T° is univalent on the half- lens 

Ln{z: Rez > 0}. 

Wc finish the paper with the list of open problems. 

(1) Give analytic proofs of Conjectures 1-2. 

(2) Prove or disprove that r* = l/\/3. 

(3) Does exist an open set J7, (— 1, 1) C f/ C ID, such that every / e T° is 
univalent on U? 
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